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We study the 3D Hubbard model with anisotropic nearest neighbor tunneling amplitudes using
the dynamical cluster approximation and compare the results with a quantum simulation experiment
using ultracold fermions in an optical lattice, focussing on magnetic correlations. We find that the
short-range spin correlations are significantly enhanced in the direction with stronger tunneling
amplitudes. Our results agree with the experimental observations and show that the experimental
temperature is lower than the strong tunneling amplitude. We characterize the system by examining
the spin correlations beyond neighboring sites and determine the distribution of density, entropy and
spin correlation in the trapped system. We furthermore investigate the dependence of the critical
entropy at the Néel transition on anisotropy.
PACS numbers: 71.10.Fd, 67.85.-d, 71.27.+a
The Hubbard model is one of the simplest condensed
matter models incorporating the complex interplay be-
tween the itinerant and localized behavior of fermions on
a lattice. Its phase diagram is expected to contain a num-
ber of interesting phases, such as pseudo-gap states, mag-
netic long-range order and d-wave superconductivity [1–
6]. Capturing the entire phase diagram theoretically has
turned out to be a challenging task, where no unbiased
numerical method exists in the interesting strongly cor-
related region. Furthermore, a detailed validation of the-
oretical results by comparison to measurements in real
materials is often hindered by their structural complex-
ity and limited knowledge of their system parameters.
In this context, the controlled setting of ultracold
fermions in optical lattices offers the possibility to di-
rectly realize the Hubbard model [7, 8] in an experiment
and has allowed for studying the metal to Mott-insulator
crossover [9, 10]. While the low-temperature phase di-
agram of the Hubbard model has so far not been ac-
cessed experimentally, short-range quantum magnetism
has been observed in a recent experiment [11]. In partic-
ular, anti-ferromagnetic spin correlations on neighboring
sites were measured using an anisotropic simple cubic
lattice configuration, in which the tunneling along one
direction was enhanced. In contrast to previous measure-
ments, where a perturbative high-temperature expansion
was sufficient to describe the system [12, 13], understand-
ing this new quantum simulation experiment requires a
more sophisticated theoretical approach. Open questions
included the influence of the anisotropy on the temper-
ature of the system and the entropy distribution in the
trap.
Although the thermodynamics, spin correlations and
Néel transition temperature for the isotropic 3D Hub-
bard model have been calculated with different numer-
ical methods [14–18], the anisotropic Hubbard model
was only studied in the Heisenberg limit [19]. General
questions of the anisotropic Hubbard model concern the
strength, range and orientation of spin correlations, as
well as the role of dimensionality. In this Letter we
perform a quantitative analysis of the anisotropic Hub-
bard model using the dynamical cluster approximation
(DCA) [20] with careful extrapolations and compare it
to results of a quantum simulation experiment using ul-
tracold fermions in an optical lattice, including additional
data [11]. To take into account the trapping potential in
the experiment, we use the local density approximation
(LDA), which has been proven to be accurate in the tem-
perature region relevant for comparison with the exper-
iment [21, 22]. The calculated and experimentally mea-
sured spin correlations are found to be in good agreement
for temperatures down to the tunneling energy, showing
a strong enhancement for large tunneling anisotropies.
The Hamiltonian of the anisotropic Hubbard model on
a cubic lattice is given by
Hˆ = −t
∑
r,σ
(
cˆ†r+exσ cˆrσ + h.c.
)
−t′
∑
r,σ
(
cˆ†r+eyσ cˆrσ + cˆ
†
r+ezσ cˆrσ + h.c.
)
+U
∑
r
nˆr↑nˆr↓ − µ
∑
r,σ
nˆrσ, (1)
where cˆ†rσ (cˆrσ) creates (annihilates) a fermion at lattice
site r with spin σ ∈ {↑, ↓}; nˆrσ ≡ cˆ†rσ cˆrσ denotes the
occupation number operator; ei denotes the unit vec-
tor (setting the lattice spacing to 1) along the direction
i ∈ {x, y, z}. The system has the tunneling amplitude t
along the x-axis and t′ in the directions y, z as shown
in Fig. 1(a). The repulsive on-site interaction energy is
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2denoted by U > 0 and the chemical potential by µ. The
ratio t/t′ will be referred to as the anisotropy of the sys-
tem. In this paper, we consider t/t′ ≥ 1, covering the
range from an isotropic 3D system to weakly coupled 1D
chains.
We study the physical properties of Eq.(1) with DCA,
using the numerically exact continuous time auxiliary
field quantum Monte Carlo impurity solver [23, 24].
The clusters were chosen bipartite and prolongated in
the strong tunneling direction proportionally to the
anisotropy. The DCA method with extrapolation in
cluster size supplies exact results in the thermodynamic
limit [25].
We have calculated the thermodynamic properties in-
cluding energy (e) and density (n) per site at a given
chemical potential µ and the inverse temperature β =
1/T (setting kB = 1). Tabulated equation of state
(EOS) [35] data may be found in the supplemental ma-
terials [26]. Owing to particle-hole symmetry, the EOS
for n > 1 can be easily determined using the data for
2−n. The entropy per site s(β) is obtained by numerical
integration
s(β) = s(β0) + f(β)β − f(β0)β0 −
∫ β
β0
f(β′) dβ′, (2)
with f(β) = e(β)− µn(β). The value of s(β0) at a suffi-
ciently small β0 ∼ 150t was obtained using the high tem-
perature series expansion (HTSE)
s(β0) = ln 4− β
2
0
2
[
U2
16
+
(µ− U/2)2
2
+ t2 + 2t′2
]
+
β30
8
U
(
µ− U
2
)2
+O(β40). (3)
In addition to the thermodynamic properties, we cal-
culate the equal-time spin correlation function
C(∆) = −2
∑
r
〈
Sˆzr Sˆ
z
r+∆
〉
, (4)
where Sˆzr =
1
2 (nˆr↑ − nˆr↓) and ∆ is a lattice vector.
Fig. 1(b) shows C(ex) for various fillings and temper-
atures at fixed t/t′ = 7.36 and U = 1.4375t, which was
used in the experiment of Ref. [11]. Antiferromagnetic
correlations between nearest neighbors (n.n.) correspond
to positive values of C(ex). The signal is greatly en-
hanced for T / t and close to half-filling. At fixed tem-
perature and interaction strength, the n.n. spin correla-
tion along the longitudinal direction C(ex) is enhanced
with anisotropy t/t′, while the correlation along the
transverse direction C(ey) is suppressed, see Fig. 1(c).
T/t′ is higher in the anisotropic case and thus the de-
velopment of spin correlations in the transverse direction
y is suppressed. At the same time C(ex) is enhanced
because singlet formation is facilitated by the effective
lowering of dimensionality [27]. This in turn is caused by
y
x
z
t'
t'
U
t
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spin correlation
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Figure 1: (a) Sketch of the anisotropic 3D Hubbard model
according to Eq. (1). (b) N.n. spin correlation C(ex) vs.
filling and temperature for t/t′ = 7.36, U = 1.4375t in a ho-
mogeneous system. (c) N.n. spin correlation along the strong
tunneling C(ex) (upper surface) and in the transverse direc-
tion C(ey) (lower surface) for a homogeneous system at half-
filling and T = 0.5t as a function of anisotropy and interaction
strength.
the difference in the relevant energy scales: T and t are
of the same order but an order of magnitude larger than
t′
The quantum simulation experiment is performed as
described in detail in Ref. [11] using a balanced spin-
mixture of the mF = −9/2,−7/2 sublevels of the F =
9/2 hyperfine manifold of 40K. About 60, 000 fermions
are prepared at 10% of the Fermi temperature in a har-
monic optical dipole trap. The gas is then heated to
control the entropy per particle in the trap, which is
measured using fits to a Fermi-Dirac distribution. After
setting the s-wave scattering length to 106(1) Bohr radii,
an anisotropic cubic optical lattice operating at a wave-
length of λ = 1064 nm is turned on using an S-shaped
ramp lasting 200 ms. The parameters of the Hubbard
model describing the final lattice configuration are com-
puted using Wannier functions.
In order to detect the number of singlets and triplets
consisting of two neighboring atoms with opposite spins,
we suddenly ramp to a deep simple cubic lattice, sup-
pressing all tunnelings. A magnetic field gradient is then
used to induce coherent oscillations between singlet and
triplet states. Subsequently, we merge neighboring sites
adiabatically using a tunable-geometry optical lattice [28]
and detect the number of double occupancies in the low-
est band created by merging. The difference between the
3fraction of atoms detected in a singlet (ps) or triplet (pt0)
configuration can be used to compute the spin correlator
−〈Sxr Sxr+ex〉 − 〈SyrSyr+ex〉 = (ps − pt0) /2, (5)
which is equal to C(ex) given the SU(2) invariance of the
Hubbard model Eq.(1).
Results and Discussions In order to compare the ex-
trapolated DCA data results (obtained for a homoge-
neous system) with the experiment (performed in a har-
monic trap), we use LDA. In LDA, the local quantities
at each position r in a system with position-dependent
chemical potential µ(r) are approximated by the corre-
sponding quantities in a homogeneous system at µ ≡ µ(r)
and using the same (trial) temperature. The chem-
ical potential in the calculation is quadratic, µ(r) =
µ0− 12mω¯2r2, where ω¯ is the geometric mean of the trap-
ping frequencies taken from the experiment, r the nor-
malized distance from the trap center and m the atomic
mass of 40K. By tuning of the chemical potential in the
center µ0 we can match the experimentally measured to-
tal particle number N in the trap. We then calculate the
entropy and n.n. spin correlations averaged over the trap
to compare with the experimentally measured quantities.
Fig. 2(a) shows the calculated n.n. spin correlation ver-
sus anisotropy together with the experimental data. We
find good agreement between the DCA+LDA calculation
and the experimental data assuming an entropy per par-
ticle S/N in the range of 1.4 to 1.8. For anisotropies
' 5 the experiment enters a regime where corrections to
the single band Hubbard model Eq.(1) may start to play
a role in the shallow optical lattice [29]. Close to the
isotropic limit, the second order HTSE with S/N = 1.7
describes the data well. For increasing anisotropies, the
HTSE becomes unreliable as the expansion parameter βt
reaches one. The inset of Fig. 2(a) shows that the intro-
duction of the anisotropy leads to a situation where the
temperature becomes comparable to or lower than the
strong tunnel coupling t. The average C(ex) increases
monotonously with anisotropy, which is a consequence of
both the enhancement of correlations for a given βt and
additionally the increasing βt.
For a fixed anisotropy t/t′ = 7.36, Fig. 2(b) shows the
trap averaged C(ex) versus entropy per particle (for the
experimental data the horizontal axis denotes the ini-
tial entropy per particle measured before loading into
the lattice). Without any free parameters and assum-
ing no heating, we find excellent agreement for entropies
of 1.4kB and above, showing that magnetic effects in
the Hubbard model can be accurately studied in this
regime. For lower entropies, the experimentally mea-
sured spin correlation does not increase further, deviat-
ing from the theoretical prediction. This suggests that
additional heating may have occurred during the optical
lattice loading process, or the system may not have fully
equilibrated in the lattice for the lowest initial entropies.
(a)
(b)
Figure 2: Comparison of the calculated spin correlations from
DCA+LDA with the experiment. (a) N.n. spin correlation
for different anisotropies and interaction strengths. The en-
tropy per particle before loading into the lattice is below 1.0
in the experiment; further detailed parameters are listed in
the supplemental materials [26]. Theoretical calculations with
different entropies per particle are shown as symbols con-
nected by dashed lines. The solid line shows HTSE results
with S/N = 1.7. The inset shows the inverse temperature
βt versus anisotropy used in the DCA+LDA calculations.
(b) N.n. spin correlation as a function of entropy per par-
ticle for t/t′ = 7.36 and U = 1.4375t. The experimental
data is plotted as a function of the initial S/N before loading
into the lattice, and the blue curve is the theoretical predic-
tion. The upper axis denotes the corresponding temperature
determined from the DCA+LDA calculation. For the low-
est initial entropies the measured spin correlation deviates
from the expected value. This could be attributed to heating
during lattice loading. These experimental data points agree
with the purple curve, corresponding to an entropy increase of
0.6. The inset shows results for a different set of parameters
(t/t′ = 4.21, U = 2.98t) and a comparison with previously
unpublished experimental data.
This is an important outcome of this study not deducible
from the experimental data alone. A similar situation is
found in previous studies of dimerized and simple cubic
optical lattices [11, 13]. The inset of Fig. 2(b) shows a
comparison at a different anisotropy t/t′ = 4.21, where
similar agreement at high entropies and deviations at low
entropies are found.
4(b)(a)
Figure 3: (a) The distribution of density, entropy and n.n.
spin-correlation per site in the harmonic trap vs. dis-
tance from the center. The simulation is done with U =
1.4375t,N = 50000, the trap averaged entropy is S/N = 1.6.
The trapping frequency is chosen such that the filling is n = 1
at the trap center. (b) Extrapolated spin correlations as a
function of distance along the x axis in the paramagnetic
phase for t/t′ = 7.36, U = 1.44t and half-filling for differ-
ent temperatures.
The upper horizontal axis of Fig. 2(b) shows the tem-
perature used in the DCA+LDA calculations. For the
lowest entropy S/N = 1.4, where the experimentally
measured spin correlator matches the theoretical value,
the temperature is found to be T ≈ 0.88t. This indi-
cates that an anisotropic 3D lattice is a viable system for
an experimental study of the low-temperature regime of
the Hubbard model in effectively one dimension [30] at
currently accessible experimental entropies.
Fig. 3(a) shows the calculated distribution of the den-
sity, entropy and n.n. spin correlation in the trap for
the isotropic (t/t′ = 1) and anisotropic (t/t′ = 7.36)
Hubbard model with the same U/t, particle number and
entropy per particle. In each case we set µ0 = U/2 to
obtain the filling n = 1 in the trap center and tune ω¯
such that atom number is constant. The correspond-
ing temperatures are T = 0.95t and T = 0.58t resp [36].
Owing to qualitatively similar equations of state between
the isotropic and anisotropic case at fixed tunneling t, we
find a very similar behavior for both the density and en-
tropy distribution in the trap. This is in contrast with
the dimerized lattice examined in [11], which has an en-
ergy gap. In Fig. 3(a) the n.n. spin correlations are more
pronounced for large anisotropy when comparing to the
isotropic case, similar to the results in Fig. 1(c). To fur-
ther characterize the state realized in the experiment, we
compute the spin correlation beyond n.n. along the x
direction, shown in Fig. 3(b). It shows an alternating
sign with distance, confirming the presence of antiferro-
magnetic spin correlations [37]. For temperatures close
to the lowest experimental temperature the next nearest
neighbor (n.n.n.) correlation drops to a value below the
current experimental resolution. Its behavior with dis-
tance suggests that the correlation decays exponentially.
Finally, we address the question of how the introduc-
tion of anisotropy affects the Néel transition in a 3D lat-
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Figure 4: Critical entropy per particle S(TNéel)/N at the
Néel transition vs. anisotropy for two different interactions at
half-filling. The data points shown with an arrow are upper
bounds owing to the difficulty of obtaining the extrapolated
TNéel or a reliable s(T ) down to the extrapolated transition
temperature.
tice. We focus on the half-filled system. Fig. 4 shows the
calculated critical entropy at the Néel transition for dif-
ferent anisotropies. The critical entropy at U = 4t shows
a nonmonotonic behavior as a function of anisotropy.
We explain this by the reduction of the total bandwidth
W = 4(t + 2t′) and thus by the effective increase of the
interaction strength (U/W ) towards the optimal value
U/W ≈ 2/3 for the isotropic system [16]. Consistent
with our simple argument, the curve for U = 8t de-
cays monotonically. We find that the introduction of
anisotropy does not enhance the critical entropy over the
optimum value for the isotropic case (S/N ≈ 0.487(24)
in the present study).
The estimate of the Néel temperature was obtained for
a set of clusters within the DCA simulation by looking for
the divergence of the static antiferromagnetic spin sus-
ceptibility [20]. The TNéel was then obtained by extrapo-
lation as suggested in [15] [38]. Fig. 4 shows s(TNéel) with
curve s(T ) integrated within the paramagnetic phase.
Our results for the isotropic case, TNéel = 0.194(4) for
U = 4t and TNéel = 0.360(9) for U = 8t, are consistent
with previous studies [14, 15]. Both estimates are slightly
above the estimates TNéel < 0.17t, TNéel = 0.3325(65)
obtained by diagrammatic determinantal Monte Carlo
calculations on larger lattices for U = 4t and U = 8t,
resp. [18].
Conclusions We have computed the properties of the
3D anisotropic Hubbard model in the regime accessed by
the quantum simulation experiment. Short-range spin
correlations were shown to be enhanced by anisotropy,
even when the critical entropy at the Néel temperature
is reduced. Our theoretical results show good agree-
ment with our experiments, allowing us to characterize
this system in detail. In particular, using the nearest-
neighbor spin correlation as a thermometer, the experi-
mentally realized temperature was found to reach values
below the strong tunneling amplitude. Given the access
to effectively one-dimensional Hubbard-chains featuring
spin order, the tunability of an optical lattice system
may be used to probe their excitation dynamics or the
5crossover from 1D to higher dimensions [30].
Note During the preparation of this manuscript, we
became aware of a related finite temperature study of the
1D Hubbard model [31].
We thank Jan Gukelberger, Michael Messer and James
LeBlanc for useful discussions. This work was supported
by the ERC Advanced Grants SIMCOFE and SQMS,
the Swiss National Competence Center in Research QSIT
and the Swiss National Science Foundation. The calcula-
tions used a code based on the ALPS libraries [32, 33] and
were performed on the Brutus cluster at ETH Zurich.
[1] T. Maier, M. Jarrell, T. Pruschke, and J. Keller, Phys.
Rev. Lett., 85, 1524 (2000).
[2] C. Huscroft, M. Jarrell, T. Maier, S. Moukouri, and
A. N. Tahvildarzadeh, Phys. Rev. Lett., 86, 139 (2001).
[3] T. A. Maier, M. Jarrell, T. C. Schulthess, P. R. C. Kent,
and J. B. White, Phys. Rev. Lett., 95, 237001 (2005).
[4] E. Gull, O. Parcollet, and A. J. Millis, Phys. Rev. Lett.,
110, 216405 (2013).
[5] D. J. Scalapino, arXiv:cond-mat/0610710 (2006).
[6] D. Zanchi and H. J. Schulz, Phys. Rev. B, 54, 9509
(1996).
[7] T. Esslinger, Annu. Rev. Condens. Matter Phys., 1, 129
(2010).
[8] M. Lewenstein, A. Sanpera, V. Ahufinger, B. Damski,
A. Sen, and U. Sen, Adv Phys, 56, 243 (2007).
[9] R. Jördens, N. Strohmaier, K. Günter, H. Moritz, and
T. Esslinger, Nature, 455, 204 (2008).
[10] U. Schneider, L. Hackermuller, S. Will, T. Best, I. Bloch,
T. A. Costi, R. W. Helmes, D. Rasch, and A. Rosch,
Science, 322, 1520 (2008).
[11] D. Greif, T. Uehlinger, G. Jotzu, L. Tarruell, and
T. Esslinger, Science, 340, 1307 (2013).
[12] R. Jördens, L. Tarruell, D. Greif, T. Uehlinger,
N. Strohmaier, H. Moritz, T. Esslinger, L. De Leo,
C. Kollath, A. Georges, V. Scarola, L. Pollet,
E. Burovski, E. Kozik, and M. Troyer, Phys. Rev. Lett.,
104, 180401 (2010).
[13] D. Greif, L. Tarruell, T. Uehlinger, R. Jördens, and
T. Esslinger, Phys. Rev. Lett., 106, 145302 (2011).
[14] R. Staudt, M. Dzierzawa, and A. Muramatsu, European
Physical Journal B, 17, 411.
[15] P. R. C. Kent, M. Jarrell, T. A. Maier, and T. Pruschke,
Phys. Rev. B, 72, 060411 (2005).
[16] S. Fuchs, E. Gull, L. Pollet, E. Burovski, E. Kozik, T. Pr-
uschke, and M. Troyer, Phys. Rev. Lett., 106, 030401
(2011).
[17] T. Paiva, Y. L. Loh, M. Randeria, R. T. Scalettar, and
N. Trivedi, Phys. Rev. Lett., 107, 086401 (2011).
[18] E. Kozik, E. Burovski, V. W. Scarola, and M. Troyer,
Phys. Rev. B, 87, 205102 (2013).
[19] C. Yasuda, S. Todo, K. Hukushima, F. Alet, M. Keller,
M. Troyer, and H. Takayama, Phys. Rev. Lett., 94,
217201 (2005).
[20] T. Maier, M. Jarrell, T. Pruschke, and M. H. Hettler,
Rev. Mod. Phys., 77, 1027 (2005).
[21] V. Scarola, L. Pollet, J. Oitmaa, and M. Troyer, Phys.
Rev. Lett., 102, 135302 (2009).
[22] Q. Zhou and T.-L. Ho, Phys. Rev. Lett., 106, 225301
(2011).
[23] E. Gull, P. Werner, O. Parcollet, and M. Troyer, EPL,
82, 57003 (2008).
[24] E. Gull, P. Staar, S. Fuchs, P. Nukala, M. S. Summers,
T. Pruschke, T. C. Schulthess, and T. Maier, Phys. Rev.
B, 83, 075122 (2011).
[25] T. A. Maier and M. Jarrell, Phys. Rev. B, 65, 041104
(2002).
[26] See Supplemental Material for details of the numerical
methods, the experimental parameters and the critical
temperatures.
[27] E. V. Gorelik, D. Rost, T. Paiva, R. Scalettar, A. Klüm-
per, and N. Blümer, Phys. Rev. A, 85, 061602 (2012).
[28] L. Tarruell, D. Greif, T. Uehlinger, G. Jotzu, and
T. Esslinger, Nature, 483, 302 (2012).
[29] A. Georges, arXiv:cond-mat/0702122 (2007).
[30] T. Giamarchi, Quantum Physics in One Dimension
(Clarendon Press, 2003) ISBN 9780198525004.
[31] B. Sciolla, A. Tokuno, S. Uchino, B. Peter, T. Giamarchi,
and C. Kollath, arXiv:1309.3974 (2013).
[32] A. Albuquerque, F. Alet, P. Corboz, P. Dayal, A. Feiguin,
S. Fuchs, L. Gamper, E. Gull, S. Gurtler, A. Honecker,
R. Igarashi, M. Korner, A. Kozhevnikov, A. Lauchli,
S. Manmana, M. Matsumoto, I. McCulloch, F. Michel,
R. Noack, G. Pawlowski, L. Pollet, T. Pruschke,
U. Schollwock, S. Todo, S. Trebst, M. Troyer, P. Werner,
and S. Wessel, Journal of Magnetism and Magnetic Ma-
terials, 310, 1187 (2007), ISSN 0304-8853.
[33] B. Bauer, L. D. Carr, H. G. Evertz, A. Feiguin,
J. Freire, S. Fuchs, L. Gamper, J. Gukelberger, E. Gull,
S. Guertler, A. Hehn, R. Igarashi, S. V. Isakov,
D. Koop, P. N. Ma, P. Mates, H. Matsuo, O. Parcol-
let, G. Pawlowski, J. D. Picon, L. Pollet, E. Santos,
V. W. Scarola, U. Schollwock, C. Silva, B. Surer, S. Todo,
S. Trebst, M. Troyer, M. L. Wall, P. Werner, and S. Wes-
sel, Journal of Statistical Mechanics: Theory and Exper-
iment, 2011, P05001 (2011).
[34] A. W. Sandvik, Phys. Rev. Lett., 80, 5196 (1998).
[35] In regions with very low filling we have obtained the EOS
employing the Hartree approximation.
[36] T/t is lower in the anisotropic case because of reduction
of the total bandwidth
[37] In Fig. 3(b) we find |C(3ex)| > |C(2ex)| for T = 0.2t,
which is a feature inherited from the half-filled non-
interacting system on the cubic lattice, where spin corre-
lations at even Manhattan distances vanish.
[38] For t = t′ our model is part of the universality class of the
3D S = 1/2 Heisenberg model and for t 6= t′ it belongs
to the classical 3D Heisenberg universality class, both of
which have a critical exponent of ν ≈ 0.71 [34].
